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Abstract

This paper presens Variational MessagePassing(VMP), a general purposealgorithm for
applying variational inferenceto a BayesianNetwork. Like belief propagation, Variational
MessagePassing proceedsby passingmessagedetweennodesin the graph and updating
posterior beliefs using local operations at ead node. Each such update increasesa lower
bound on the log evidence (unless already at a local maximum). In contrast to belief
propagation, VMP can be applied to a very generalclassof conjugate-exponertial models
becauseit usesa factorised variational approximation. Furthermore, by introducing ad-
ditional variational parameters, VMP can be applied to models cortaining non-conjugate
distributions. The VMP framework also allows the lower bound to be evaluated, and this
can be usedboth for model comparisonand for detection of corvergence.Variational Mes-
sagePassinghasbeenimplemented in the form of a generalpurposeinferenceenginecalled
VIBES (*Variational Inferencefor BayEsian networkS') which allows modelsto be speci ed
graphically and then solved variationally without recourseto coding.

Keyw ords: Bayesiannetworks, Variational methods

1. Intro duction

Variational inferencemethods (Neal and Hinton, 1998, Jordan et al., 1998) have beenused
successfullyfor a wide range of models, and new applications are constartly being explored.
In ead previous application, the equations for optimising the variational approximation
have beenworked out by hand, a processwhich is both time consumingand error prone.

For seweral other inference methods, general purpose algorithms have been dewveloped
which canbeapplied to large classef probabilistic models. For example,belief propagation
can be applied to any acyclic discrete network (Pearl, 1986) or mixed-Gaussian network
(Lauritzen, 1992), and the algorithm used in Thomas et al. (1992) can perform Gibbs
sampling in almost any Bayesiannetwork. Each of thesealgorithms relies on being able to
decompsethe required computation into calculations that are local to eac node in the
graph and which require only messagegassedalong the edgesconnectedto that node.

In this paper, the Variational MessagePassingalgorithm is developed, which optimises
a variational approximation using a set of local computations for ead node together with a
medanism for passingmessagebetweenthem. Hence,VMP allows for variational inference
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to be applied automatically to a very large classof Bayesiannetworks. In VMP, the messages
are exponertial family distributions, summarisedby either their natural parameter vector
(for child-to-parent messagespr a vector of momerts (for paren-to-child messages).These
messagesre de ned sothat the optimal variational distribution for a node can be found
by summing the messagedgrom its children together with a function of the messagegrom
its parerts, where this function dependson the conditional distribution for the node.

The paper is organisedas follows. Section 2 givesa brief review of variational inference
methods. Section 3 contains the derivation of the Variational MessagePassingalgorithm,
along with an exampleof its use. In Section4 the classof models which can be handled by
the algorithm is de ned, while Section5 describesanimplementation of the algorithm, called
VIBES (Variational Inferencein BayEsian networkS). Someextensionsto the algorithm are
given in Section 6, and Section 7 concludeswith an overall discussionand suggestionsfor
future researd directions.

2. Variational Inference

In this section, variational inferencewill be reviewed briey with particular focus on the
casewhere the variational distribution has a factorised form. The random variablesin the
model will be denotedby X = (V;H) whereV are the visible (obsered) variables and H
are the hidden (latent) variables. We assumethat the model has the form of a Bayesian
network and so the joint distribution P (X) can be expressedin terms of the conditional
distributions at ead nodei, v

P(X)=  P(Xijpa) 1)

|

wherepa; denotesthe set of variablescorresponding to the parents of nodei and X; denotes
the variable or group of variables assaiated with nodei.

Ideally, we would like to perform exact inference within this model to nd posterior
marginal distributions over individual latent variables. Unfortunately, exact inferencealgo-
rithms, such asthe junction tree algorithm (Cowell et al., 1999),aretypically only applied to
discrete or linear-Gaussianmodels and are computationally intractable for all but the sim-
plest models. Instead, we must turn to approximate inference methods and, in particular,
the deterministic approximation method of variational inference.

The goal in variational inferenceis to nd a tractable variational distribution Q(H)
that closely approximates the true posterior distribution P(H jV). To do this we note the
following decomposition of the log marginal probability of the obsened data, which holds
for any choice of distribution Q(H)

InP(V) = L(Q)+ KL(QjjP) (2)
where i X P(H,V)
L(Q) = ) Q(H)an 3)
X .
KLQIP) = Q=

H

and the sumsare replacedby integrals in the caseof cortinuous variables. Here KL (Qjj P)
is the Kullback-Leibler divergencebetweenthe true posterior P(H jV) and the variational
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approximation Q(H). Sincethis satis es KL (Qjj P) > 0it followsfrom (2) that the quartity
L (Q) forms a lower bound on In P (V).

We now choosesomefamily of distributions to represem Q(H) and then seeka member
of that family that maximisesthe lower bound L (Q). If we allow Q(H) to have complete
exibilit y then we seethat the maximum of the lower bound occurs when the Kullback-
Leibler divergenceis zero. In this case,the variational posterior distribution equalsthe true
posterior and L(Q) = InP (V). Howewer, working with the true posterior distribution is
computationally intractable (otherwise we wouldn't be resorting to variational methods).
We must therefore considera more restricted family of Q distributions which hasthe prop-
erty that the lower bound (3) can be evaluated and optimised e cien tly and yet which is
still sucien tly exible asto give a good approximation to the true posterior distribution.

2.1 Factorised Variational Distributions

We wish to choosea variational distribution Q(H) with a simpler structure than that of the
model, so asto make calculation of the lower bound L (Q) tractable. One way to simplify
the dependencystructure is by choosing a variational distribution where disjoint groups of
variables are independert. This is equivalt—it(rt to choosing Q to have a factorised form

Q(H) = | Qi(Hj); (4)

where f H;g are the disjoint groups of variables. This approximation has beensuccessfully
used in many applications of variational methods (Attias, 2000, Ghahramani and Beal,
2001, Bishop, 1999). Substituting (4) into (3) gives

X Y X

X
L(Q) = | Qi(Hi)InP(H;V) Qi(Hi) InQi(Hj):

H i i Hj
We now separateout all terms in one factor Qj,
X

L(Q) = Qi(H)HNP(H; V)i o mj) + H(Qj)+X H(Qi)
H i6]
= KL(QjjiQ)) + terms not in Q; (5)
where H denotesertropy and we have intro duced a new distribution Qf de ned by
INQ/(Hj) = HnP(H;V)i geu,)+ const (6)

andhi ;) denotesan expectation with respect to all factors exceptQj(H;). The bound
is maximised with respectto Q; whenthe KL divergencein (5) is zero, which occurs when
Q = QJ" Therefore, we can maximise the bound by setting Q; equal to QJ’ Taking
exponertials of both sideswe obtain

? 1 i
Q7(Hj) = ZeponP(H;V)I Q(Hj)> (7

where Z is the normalisation factor neededto make Qj'-’ a valid probability distribution.
Note that the equationsfor all of the factors are coupled sincethe solution for ead Q; (H;)
dependson expectations with respectto the other factors Q;g;. The variational optimisation
proceedsby initialising ead of the Q;(H;) and then cycling through ead factor in turn
replacing the current distribution with a revised estimate given by (7).
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3. Variational Message Passing

In this section,the Variational MessagePassingalgorithm will be derived and shown to opti-
mise a factorised variational distribution using a messagepassingprocedureon a graphical
model. For the initial derivation, it will be assumedthat the variational distribution is
factorised with respect to ead hidden variable H; and so can be written

Y
Q(H) = | Qi(Hi):

From (6), the optimised form of the jth factor is given by
INQ/(Hj) = HNP(H;V)i g, + const

We now substitute in the form of the joint probability distribution of a Bayesian network,
asgivenin (1), Dx E
InQ7(H;) = InP(Xijpa) Q(Hj)+const
Any terms in the sumoveri that do not dependon H; will be constart under the expectation
and can be subsumedinto the constart term. This leavesonly the conditional P (Hj j paj)
together with the conditionals for all the children of Hj, asthese have H; in their parent
set,
X
InQf(H;) = HNP(H; jpa)i o)+ 2o MNP (Xiipai qew;) + const  (8)
where ch; are the children of node j in the graph. Thus, the expectations required to

evaluate QJ? involve only those variables lying in the Markov blanket of H;, consisting of

its parerts, children and co-parerts? cp(k’). This is illustrated in the form of a directed
graphical model in Figure 1. Note that we usethe notation Xy to denote both a random
variable and the corresponding node in the graph. The optimisation of Q; can therefore
be expressedas a local computation at the node H;. This computation involves the sum
of a term involving the parent nodes, along with one term from ead of the child nodes.
Theseterms can be thought of as ‘messagesfrom the correspnding nodes. Hence,we can
decomposethe overall optimisation into a set of local computations that depend only on
messagesrom neighbouring (i.e. parernt and child) nodesin the graph.

3.1 Conjugate-Exp onential Mo dels

The exact form of the messagesn (8) will depend on the functional form of the conditional
distributions in the model. It has beennoted (Attias, 2000, Ghahramani and Beal, 2001)
that important simpli cations to the variational update equationsoccur when the distribu-
tions of variables, conditioned on their parents, are drawn from the exponertial family and
are conjugate? with respect to the distributions over theseparert variables. A model where
both of these constraints hold is known as a conjugate-exmnential model.

1. The co-parerts of a node X are all the nodeswith at least one child which is also a child of X (excluding
X itself).

2. A parent distribution P (X jY) is said to be conjugate to a child distribution P(W jX) if P(X jY) has
the same functional form, with respectto X, asP (W jX).
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Figure 1: A key obsenation is that the variational update equation for a node H; depends
only on expectations over variables in the Markov blanket of that node (shown
shaded),de ned asthe set of parents, children and co-parerts of that node.

A conditional distribution is in the exponertial family if it can be written in the form
P(XjY)=exp[ (Y)Tu(X)+f(X)+g(Y)] )

where (Y) is called the natural parameter vector and u(X) is called the natural statistic
vector. The term g(Y ) acts as a normalisation function that ensuresthe distribution inte-
gratesto unity for any given setting of the parametersY . The advantages of exponertial
family distributions are that their logarithms are tractable to compute and their state can
be summarised completely by the natural parameter vector. The use of conjugate distri-
butions meansthat the posterior for ead factor has the sameform as the prior and so
learning changesonly the valuesof the parameters, rather than the functional form of the
distribution.
If we know the natural parameter vector (Y ) for an exponertial family distribution,

then we can nd the expectation of the natural statistic vector with respect to the distri-
bution. Rewriting (9) and de ning g as a reparameterisation of g in terms of  gives,

P(Xj )=exp[ Tu(X)+f(X)+g( )

We integrate with respect to X,
z z
exp[ Tu(X)+ f(X)+g( )]dX = P(Xj )dX =1
X X

and then di erentiate with respect to
z

D expl Tux)+ £ (X) + g( )] dX

«d
POXj ) u(x)+ B
X

I
/L
=
N

1
o

aX = 0
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Figure 2: Part of a graphical model showving a node Y, the parents and children of Y, and
the co-parerts of Y with respect to a child node X .

and sothe expectation of the natural statistic vector is given by

| d
X)ipy; ) = %: (10)

3.2 Optimisation of Q in Conjugate-Exp onential Mo dels

We will now demonstrate how the optimisation of the variational distribution canbe carried
out, given that the model is conjugate-exmnertial. We considerthe general caseof opti-
mising a factor Q(Y) corresponding to a node Y, whosechildren include X, asillustrated
in Figure 2. From (9), the log conditional probability of the variable Y given its parens
can be written

INP(Yjpay) = v(pay) uy(Y)+ fy(Y)+ gv(pay): (11)

The subscript Y on ead of the functions ;uy;fy;gy isrequired asthesefunctions di er
for di erent members of the exponertial family and so needto be de ned separately for
ead node.

Considera node X 2 chy which is a child of Y. The conditional probability of X given
its parents will alsobe in the exponertial family and so can be written in the form

INP(XjYicpy) = x(Y;epy)Tux (X) + fx (X)+ gx (Y;cpy) (12)

where cpy are the co-pareris of Y with respect to X, in other words, the set of parents of
X excluding Y itself. The quantity P(Y jpay) in(11) can be thought of asa prior over Y,
and P(X jY;cpy) asa (contribution to) the likelihood of Y.

For example, if X is Gaussiandistributed with meanY and precision , it follows
that the co-parert setcp, contains only , and the log conditional for X is
y T X

InP(X]Y, ): =2 X2

+ 1(In Y2 In2): (13)
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Conjugacy requiresthat the conditionals of (11) and (12) have the samefunctional form
with respectto Y, and sothe latter canberewritten in terms of uy (Y) by de ning functions
xy and asfollows

INP(XjYicpy) = xy(Xicpy)Tuy(Y)+ (X;cpy): (14)

It may appear from this expressionthat the function y dependson the form of the

parent conditional P (Y jpay) and so cannot be determined locally at X . This is not the

case,becausethe conjugacyconstraint dictates uy (Y) for any parent Y of X, implying that
xy can be found directly from the form of the conditional P (X jpak).

Continuing the above example,we can nd . by rewriting the log conditional in
terms of Y to give

X Y

INnP(XjY; )= - v2

+ 1(In X2 In2);

which lets usde ne . and dictate what uy (Y) must be to enforceconjugacy,

X E L = (15)

In order to compute the variational update for Y, we needto be able to nd the ex-
pectations of the log conditionals (11) and (12) with respect to all factors but Qy (Y). The
expectation of the natural statistic vector u under any exponertial family distribution can
be found from the natural parameter vector of that distribution using (10). The conse
quenceof this is that, for any variable A, we can nd hua(A)ig . In the casewhere A is
obsened, the expectation is irrelevant and we can simply calculate u (A) directly.

From (12) and (14), it can be seenthat InP (X jY;cpy) is linear in ux (X) and uy (Y)
respectively. Conjugacy also dictates that this log conditional will be linear in uz(Z) for
eah co-parert Z 2 cpy. Hence,InP(X jY;cpy) must be a multi-linear 3 function of the
natural statistic functions u of X and its parents. This result is generalin that any log
conditional In P (A jpaa) in a conjugate-expmnertial model must be a multi-linear function
of the natural statistic functions of A and its parens.

For example, the log conditional INnP(X jY; ) in (13) is multi-linear in ead of the

vectors,

()= Jo o u = oo u()=

Returning to the variational update equation (8) for a node Y, it follows that all the
expectations on the right hand side can be calculated in terms of the hui for ead node in
the Markov blanket of Y. Substituting for these expectations, we get

NQY) = y(aTuy () + 1v()+ gr(a) g,

+ xy (Xiepy)Tuy (Y)+ (X;cpy) oy * const
k2chy

3. A function f is a multi-linear function of variables a; b: : : if it varieslinearly with respectto eac variable,
for example, f (a;b) = ab+ 3bis multi-linear in a and b.
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which can be rearrangedto give
2 37

X
INQy(Y) = 4h v(pay)i o)+ h xy (X5epy)i oy)® uy(Y)
kZChy

+fy(Y) + const

It follows that Q. is an exponertial family distribution of the sameform as Qy but with
an updated natural parameter vector  sud that

X
vy = h y(pay)i + h xv(X;cpy)i (16)
k2chy

where all expectations are with respect to Q. As explained above, the expectations of
and .y areboth multi-linear functions of the expectations of the natural statistic vectors
corresponding to their dependert variables. It is therefore possibleto reparameterisethese
functions in terms of these expectations

eY fhuiiginaY = h y(pay)i
€xv huxi;thujigjacp, = h xy(X;cpy)i:
In (15), wedened . (X; )= X:2 . We now reparameteriseit as
€,y (uxi;hu % M I?LUTOIO

wherehuy ig andhu ig arethe rst elemers of the vectorshuy i and hu i respectively
(and soare equalto hXi and h i). As required, we have reparameterised . into a

function €, which is a multi-linear function of natural statistic vectors.

3.3 Denition of the Variational Message Passing algorithm

We have now readied the point where we can specify exactly what form the messages
between nodes must take and so de ne the Variational MessagePassingalgorithm. The
messagefrom a parent node Y to a child node X is just the expectation under Q of the
natural statistic vector

My: x = huyi: 17)
The messagdrom a child node X to a parent node Y is
mx: v = Sxy huxi;fmi xgi2ep, (18)

which relieson X having received messagegreviously from all the co-parens. If any node
A is obsened then the messagesre as de ned above but with huai replacedby ua.
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For example, if X is Gaussiandistributed with conditional P(X jY; ), the messages

to its parens Y and are

m _  himi | m _ X2  2mXihvi+ Y?
Xy = h | =2 ’ X! - 1

2

(N

hX i

and the messagdrom X to any child nodeis X 2

When a node Y has received messagedrom all parents and children, we can nds its
updated posterior distribution Q. by nding its updated natural parameter vector . .
This vector  is computed from all the messageseceived at a node using

X
vy = &y fmi vOiopa, + mji v; (19)
j2ChY

which follows from (16). The new expectation of the natural statistic vector luyiq, can
then be found, asit is a deterministic function of .

The Variational MessagePassingalgorithm usesthese messageto optimise the varia-
tional distribution iterativ ely, as described in Algorithm 1 below. This algorithm requires
that the lower bound L (Q) be evaluated, which will be discussedin Section 3.5.

Algorithm 1 The Variational MessagePassingalgorithm

1. Initialise ead factor distribution Q; by initialising the corresponding momert vector
huj (X))
2. For eadh node Xj in turn,
Retrieve messagedrom all parent and child nodes, as de ned in (17) and (18).
This will require child nodesto retrieve messagedgrom the co-parerts of Xj.
j using (19).

Compute updated momert vector huj (X;)i giventhe new setting of the param-
eter vector.

Compute updated natural parameter vector

3. Calculate the new value of the lower bound L (Q) (if required).

4. If the increasein the bound is negligible or a speci ed number of iterations has been
reached, stop. Otherwise repeat from step 2.

3.4 Example: the Univ ariate Gaussian Mo del

To illustrate how Variational MessagePassing works, let us apply it to a model which
represerts a set of obsened one-dimensionaldata fxngﬁzl with a univariate Gaussiandis-
tribution of mean and precision

Y\l
P(xjH) = NXnj; 1)

n=1
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The conditional distribution of ead data point x;, is a univariate Gaussian,which is in the
exponertial family and soits logarithm can be expressedn standard form as

T
Xn

nP(xnj: H= 5
n

1
+ (I 2 In2
2(n n2)

and so uy(xn) = [Xn;x2]7. This conditional can also be written so asto separateout the
dependencieson and

nP(xnj; 9

1
, + 5(|n x2 In2) (20)

2
= 2(n ) In 2 (21)

1 In

2
which shaws that, for conjugacy u ( ) must be[; 2]" andu ( ) mustbe[ :In " or
linear transforms of these!. Therefore, must have a Gaussianprior and a Gamma prior
since these are the exponertial family distributions having these natural statistic vectors.
We introduce the parametersm, , a and b, sothat

T
m

=2

b
a 1 In

InP( jm; )

) +%(In m? n2)

T

InP( ja;b +alnb In (a):

3.4.1 Varia tional Message Passing in the Univ aria te Gaussian Model

We can now apply Variational MessagePassingto infer the distributions over and
variationally. The variational distribution is fully factorised and takesthe form

Q(; )= ()Q ():

We start by initialising Q ( ) and Q ( ) and nd initial valuesofhu ( )i andhu ( )i.
Let us chooseto update Q ( ) rst, in which caseVariational MessagePassingwill proceed
as follows (illustrated in Figure 3a-d).

(@) As we wish to update Q ( ), we must rst ensurethat messageshave been sert
to the children of by any co-parerts. Thus, messagesn | x, are sert from to
ead of the obsened nodes x,,. These messagesre the same,and are just equal to
hu ()i = [hi;Hn i]", wherethe expectation are with respect to the initial setting

of Q .

(b) Each x,, node has now received messagesrom all co-parerts of and socansenda
messageo  which is the expectation of the natural parameter vector in (20),

m _ h ixp
!t 7 h =2

4. To prevent the needfor linear transformation of messagesa normalised form of natural statistic vectors
will always be used, for example[; 2]" or[ ;In .

10
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m . x, m 1 x,
% fmxn% % %in g
(a) (b) (c) (d)

Figure 3: (a)-(d) Messagepassingprocedurefor variational inferencein a univariate Gaus-
sian model. The box around the x; node denotesa plate, which indicates that
the contained node and its connectededgesare duplicated N times. The braces
around the messageseaving the plate indicate that a set of N distinct messages
are being sert.

(c) Node hasnow received its full complemen of incoming messagesand can update
its natural parameter vector,

=2 n:

The new expectation hu ( )i canthen be computed under the updated distribution
Q and sert to eat x, asthe messagem | 4, = [hi;h 2i]".

(d) Finally, eah x, node sendsa messagebadk to  which is

102 i 2;
Moy = 5 (X4 2x£,h|+h i)

n

2

and canupdate its variational posterior

As the expectation of u ( ) has changed, we can now go bad to step (a) and send an
updated messageo eat x, node and soon. Hence,in Variational MessagePassing, the
messagepassing procedure is repeated again and again until corvergence(unlik e in belief
propagation on a junction tree wherethe exact posterior is available after a messagegassing
is performed once). Each round of messagepassingis equivalent to one iteration of the
update equationsin standard variational inference.

3.5 Calculation of the Lower Bound L(Q)

The Variational MessagePassingalgorithm makes use of the lower bound L(Q) as a di-
agnostic of corvergence. Evaluating the lower bound is also useful for performing model
selection, or model averaging, becauseit provides an estimate of the log evidencefor the
model.

11
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The lower bound canalsoplay a usefulrole in helping to ched the correctnessboth of the
analytical derivation of the update equationsand of their software implementation, simply
by evaluating the bound after updating ead factor in the variational posterior distribution
and cheding that the value of the bound doesnot decrease.This canbetakena stagefurther
(Bishop and Svensen, 2003) by using numerical di eren tiation applied to the lower bound.
After ead update, the gradient of the bound is evaluated in the subspacecorresponding to
the parametersof the updated factor, to ched that it is zero (within numerical tolerances).
This requiresthat the di erentiation take accourt of any constraints on the parameters(for
instance that they be positive or that they sum to one). These cheds, of course, provide
necessarybut not su cien t conditions for correctness. Also, they add computational cost
sowould typically only be employed whilst debuggingthe implementation.

In previous applications of variational inference, however, the evaluation of the lower
bound hastypically beendone using separatecode from that usedto implemert the update
equations. Although the correctnesstests discussedabove also provide a chedk on the
mutual consistency of the two bodies of code, it would clearly be more elegan if their
evaluation could be uni ed.

This is achieved naturally in the Variational MessagePassingframework by providing
a way to calculate the bound automatically, aswill now be described. To recap, the lower
bound on the log evidenceis de ned to be

L(Q)=HhHnP(H;V)i mMMH)i;

where the expectations are with respect to Q. In a Bayesiannetwork, with a factorised Q
distribution, the bound becomes

L(Q)

X
Hn P (X ] pa)i Hn Q; (H;)i
i i2H

Li

o
g
=

[
where it has been decomposedinto cortributions from the individual nodesfL jg. For a
particular latent variable node Hj, the cortribution is

Lj = inP(Hjjpa)i HnQj(H))i:

Given that the model is conjugate-exmnertial, we can substitute in the standard form for
the exponertial family

Lj = hI-H(IOf:lj)Tihuj(Hj)i+ ()i + g (pay)i
(Thu (Hp)i+ B (Hpi+ g ()

wherethe function g is a reparameterisationof g; soasto makeit afunction of the natural
parameter vector rather than the parent variables. This expressionsimpli es to

Lj = (h )i ) huy(H))i + g (pay)i - g ( ) (22)

Three of these terms are already calculated during the Variational MessagePassing al-
gorithm: h ;(paj)i and ; when nding the posterior distribution over Hj in (19), and

12
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hu; (Hj)i when calculating outgoing messagesrom H;. Thus, considerablesaving in com-
putation are made comparedto when the bound is calculated separately
Eadch obsened variable V, also makesa cortribution to the bound

Ly = HnP(Vjpay)i
= h j(paj)iTuk(Vk)+ fi(Mi) + & h j(pay)i

Again, computation can be saved by computing uyx(Vk) during the initialisation of the
messagepassingalgorithm.

Example 1 Calculation of the Bound for the Univariate Gaussian Mo del
In the univariate Gaussian model, the bound contribution from each observel node x;, is

. . T
hih i Xn vl i hina n2

Lo = iz x2 T2

and the contributions from the parameter nodes and are

° m T hi 1 5 o .

L ot = h2 ton m2 In % n
T .

L = P+ b T ainb In(a) antP+In (ad:

a a Hn

The bound for this univariate Gaussianmodel is given by the sum of the contributions from
the and nodesand all x, nodes.

4. Allo wable Mo dels

The Variational MessagePassingalgorithm can be applied to a wide classof models, which
will be characterisedin this section.

4.1 Conjugacy Constrain ts

The main constraint on the model is that eat parent{c hild edgemust satisfy the constraint
of conjugacy Conjugacy allows a Gaussianvariable to have a Gaussianparent for its mean
and we can extend this hierarchy to any number of levels. Each Gaussiannode hasa Gamma
parent asthe distribution over its precision. Furthermore, eady Gammadistributed variable
can have a Gamma distributed scaleparameter b, and again this hierarchy can be extended
to multiple levels.

A discrete variable can have multiple discrete parents with a Dirichlet prior over the
ertries in the conditional probability table. This allows for an arbitrary graph of discrete
variables. A variable with an Exponertial or Poissondistribution can have a Gamma prior
over its scaleor meanrespectively, although, asthesedistributions do not leadto hierarchies,
they may be of limited interest.

These constraints are listed in Table 1. This table can be encaded in implementations
of the Variational MessagePassingalgorithm and used during initialisation to ched the
conjugacy of the supplied model.

13
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| Distribution || 1% parent | Conjugate dist. | 2" parent | Conjugate dist. |
Gaussian mean Gaussian precision Gamma
Gamma shape a None scaleb Gamma
Discrete probabilities p Diric hlet parents fx;g Discrete
Dirichlet pseudo-couts a None
Exponertial scalea Gamma
Poisson mean Gamma

Table 1: Distributions for ead parameter of a number of exponertial family distributions
if the model is to satisfy conjugacy constraints. Conjugacy also holds if the dis-
tributions are replaced by their multiv ariate courterparts e.g. the distribution
conjugate to the precision matrix of a multiv ariate Gaussianis a Wishart distri-
bution. Where \None" is speci ed, no standard distribution satis es conjugacy

4.1.1 Tr uncated Distributions

The conjugacyconstraint doesnot put any restrictions onthe f x (X)) term in the exponertial
family distribution. If we choosefx to be a step function

0 : X 0
xX)="1 " . x<o

then we end up with a rectied distribution, sothat P(X j ) = 0for X < 0. The choice
of such a truncated distribution will changethe form of messagedo parent nodes (as the
gx normalisation function will alsobe di erent) but will not changethe form of messages
that are passedto child nodes. Howewer, truncation will a ect how the momens of the
distribution are calculated from the updated parameters,which will leadto di erent values
of child messages.For example, the momerts of a rectied Gaussiandistribution are ex-
pressedin terms of the standard “erf' function. Similarly, we can considerdoubly truncated
distributions which are non-zeroonly over some nite interval, aslong asthe calculation of
the momerts and parent messagesemains tractable. One potential problem with the use
of a truncated distribution is that no standard distributions may exist which are conjugate
for eadh distribution parameter.

4.2 Deterministic  Functions

We can considerably enlarge the class of tractable models if variables are allowed to be
de ned asdeterministic functions of the states of their parent variables. This is achieved by
adding deterministic nodesinto the graph, as have beenusedto similar e ect in the BUGS
software (see Section 5).

which has a stochastic child node Z. The state of X is given by a deterministic function f
of the state of its parents, sothat X = f (Y ). If X werestochastic, the conjugacy constraint
with Z would require that P(X jY ) must have the samefunctional form, with respect to
X,asP(ZjX). This in turn would dictate the form of the natural statistic vector uy of
X', whoseexpectation hux (X )ig would be the messagdrom X to Z.

14
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Returning to the casewhere X is deterministic, it is still necessaryto provide a message
to Z of the form hux (X)iq wherethe function uy is dictated by the conjugacy constraint.
This messagecan be evaluated only if it can be expressedas a function of the messages
from the parent variables, which are the expectations of their natural statistics functions
fhuy, (Yi)igg. In other words, there must exist a vector function y sud that

I’Ux(f (Y))iQ= X(I’Uyl(Yl)iQ;ZZI;hJYM (YM)iQ)Z

As was discussedin Section 3.2, this constrainsux (f (Y)) to be a multi-linear function of
the set of functions fuyv, (Y;)g.

A deterministic node can be viewed as a having a conditional distribution which is a
delta function, sothat P(X jY) = (X f(Y)). If X isdiscrete,this is the distribution that
assignsprobability oneto the state X = f (Y') angzeroto all other states. If X is cortinuous,
this is the distribution with the property that g(X) (X f(Y))dX = g(f(Y)). The
contribution to the lower bound from a deterministic node is zero.

Example 2 Using a Deterministic  Function as the Mean of a Gaussian
Consider a model where a deterministic node X is to be usal as the mean of a child Gaus-
sian distribution N (ZjX; 1) and wher X equals a function f of Gaussian-distributed

variables Y1;:::; Ym . The natural statistic vectors of X (as dictated by conjugacy with Z)
and thoseof Y1;:::;Ym are
X Yi :
ux(X)= 2 5 uy(Y)= Y_'2 fori=1:::M

The constraint on f is that ux (f) must be multi-linear in fuy,(Y;)g and so both f and
f 2 must be multi-linear in fYig and fY;2g. Hence, f can be any multi-linear function of
Y1;:::;Ym . In other words, the mean of a Gaussian can be the sum of products of other
Gaussian-distributed variables.

Example 3 Using a Deterministic  Function as the Precision of a Gaussian
As another example, consider a model where X is to be usal as the precision of a child
Gaussian distribution N (Zj ; X 1) and wher X is a function f of Gamma-distributed

variables Y1;:::;Yu . The natural statistic vectors of X and Yq;:::;Yyw are
_ X N_ Y C 4
ux (X) = nx uy, (Yi) = nv, fori=1:::M:

and so both f and Inf must be multi-linear in fYjg and fInY;g. This restricts f to be
proportional to a product of the variables Y1;:::; Yy as the logarithm oba product can be
found in terms of the logarithms of terms in that product. ||5|enoef =c ;Yiwheecis a
constant. A function containing a summation, suchasf = ;;, would not ke valid as the
logarithm of the sum cannot be expressel as a multi-linear function of Y; and In'Y;.

4.2.1 Valid ating Chains of Deterministic  Functions

The validity of a deterministic function for a node X is dependent on the form of the
stochastic nodesit is connectedto, as these dictate the functions ux and fuy, (Y;)g. For
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example, if the function was a summation f = P i Yi, it would be valid for the rst of the
above examplesbut not for the second.In addition, it is possiblefor deterministic functions
to be chained together to form more complicated expressions.For example, the expression
X = Y1+ Y»oY3 can be adhieved by having a deterministic product node A with parents
Y, and Y3 and a deterministic sum node X with parents Y; and A. In this case,the form
of the function ua is not determined directly by its immediate neighbours, but instead is
constrained by the requiremert of consistencyfor the connecteddeterministic subgraph.

In a software implementation of Variational MessagePassing,the validity of a particular
deterministic structure can most easily be cheded by requiring that the function ux, be
speci ed explicitly for ead deterministic node X, thereby allowing the existing medanism
for chedking conjugacy to be applied uniformly acrossboth stochastic and deterministic
nodes.

4.2.2 Deterministic  Node Messages

To examine messagepassing for deterministic nodes, we must consider the general case
wherethe deterministic node X has multiple children fZ;g. The messagdrom the node X
to any child Z;j is simply

hux (f (Y))iq
= x(Myy x5iiMyr x):

Mx1 z;

For a particular parent Yy, the function ux (f (Y)) is linear with respect to uy, (Yx) and so
it can be written as

ux (F(Y)) = xv (fuy,(Y)gisk) :uy, (Ye) + (fuy,(Yi)disk)

where x.y, is a matrix function of the natural statistics vectors of the co-parerts of Y.
The messagdrom a deterministic2 node to a pgrert Yk is then

X
Mxi v, =4 mz1 x2 xy(fMv xisk)
j
which relies on having received messagedrom all the child nodes and from all the co-
parents. The sum of child messagesan be computed and stored locally at the node and
usedto ewaluate all child-to-parent messagesin this sense,t can be viewed asthe natural
parameter vector of a distribution which acts as a kind of pseudo-msterior over the value
of X.

4.3 Mixture Distributions

So far, only distributions from the exponertial family have been considered. Often it is
desirable to usericher distributions that better capture the structure of the system that
generated the data. Mixture distributions, sud as mixtures of Gaussians, provide one
commonway of creating richer probability densities. A mixture distribution over a variable
X is a weighted sum of a number of componert distributions

X
P(Xjf kg;f k) = kPe(X'] k)
k=1
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where ead Py is a componert distribution with parameters  and a corresponding mixing
coe cient  indicating the weight of the distribution in the weighted sum. The K mixing
coe cien ts must be non-negative and sum to one.

A mixture distribution is not in the exponertial family and therefore cannot be used
directly asa conditional distribution within a conjugate-exponertial model. Instead, we can
introduce an additional discrete latent variable  which indicates from which component
distribution ead data point was drawn, and write the distribution as

- % -
P(Xj,; f «g) = Pe(X] k) *:
k=1

Conditioned on this new variable, the distribution is now in the exponertial family provided
that all of the componert distributions are alsoin the exponertial family. In this case,the
log conditional probability of X given all the parents (including ) can be written as

X
INnP(Xj;f «g)= GR o kCR)TUKX) + F(X) + ol «)
k

If X hasa child Z, then conjugacy will require that all the componert distributions have

the samenatural statistic vector, which we can then call uyx so: uy(X) = ux(X) = ::: =

uk (X) def ux (X). In addition, we may chooseto specify, aspart of the model, that all these

distributions have exactly the sameform (that is,f, = fo = :::= fg def fx ), although this

is not required by conjugacy In this case,where all the distributions are the same,the log
conditional becomes
mn #
X T

(; K) (k) ux(X)+fx(X)

InP(Xj;f «g)

"
+ (5 Kok( «)
K

x G F k@ Tux () + Fx (X) + e ( x (5 f «g)

where we have de ned = P k (5 k) «( k) to be the natural parameter vector of this
mixture distribution and the function gx is a reparameterisationof gx to makeit a function
of y (asin Section3.5). The conditional is therefore in the sameexponertial family form
as eat of the componerts.

We can now apply Variational MessagePassing. The messagdrom the node X to any
child is hux (X)i as calculated from the mixture parameter vector y (; f xg). Similarly,
the messagdrom X to a parernt g is the messagahat would be sert by the corresponding
componert if it werenot in a mixture, scaledby the variational posterior over the indicator
variable Q( = k). Finally, the messagefrom X to is the vector of size K whosekth
elemen is N P (X | k)i.

4.4 Multiv ariate Distributions

Until now, only scalar variables have been considered. It is also possibleto handle vector
variables in this framework (or to handle scalar variables which have beengrouped into a
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vector to capture posterior dependenciesdbetweenthe variables). In ead case,a multiv ariate
conditional distribution is de ned in the overall joint distribution P and the correspond-
ing factor in the variational posterior Q will also be multiv ariate, rather than factorised
with respect to the elemens of the vector. To understand how multiv ariate distributions
are handled, considerthe d-dimensional Gaussiandistribution with mean and precision

iv D
matrix S

PO D= Grygee 0 )T ()

This distribution can be written in exponertial family form

T
X T

NG S D= ey veqory AN

din2)

wherevec() is a function that re-arrangesthe elemerts of a matrix into a column vector in
someconsistent fashion, such as by concatenating the columns of the matrix. The natural
statistic function for a multiv ariate distribution therefore dependson both the type of the
distribution and its dimensionality d. As a result, the conjugacy constraint between a
parent node and a child node will also constrain the dimensionality of the corresponding
vector-valued variablesto be the same. Multiv ariate conditional distributions can therefore
be handled by VMP like any other exponertial family distribution, which extendsthe class
of allowed distributions to include multiv ariate Gaussianand Wishart distributions.

A group of scalar variables can act as a single parent of a vector-valued node. This is
achieved using a deterministic concatenation function which simply concatenatesa number
of scalarvaluesinto a vector. In order for this to be a valid function, the scalardistributions
must still be conjugate to the multiv ariate distribution. For example, a set of d univariate
Gaussiandistributed variables can be concatenatedto act asthe mean of a d-dimensional
multiv ariate Gaussiandistribution.

4.4.1 Normal-Gamma Distribution

The mean and precision parametersof a Gaussiandistribution canbe grouped together
into a single bivariate variable ¢ = f ; g. The conjugate distribution for this variable is
the Normal-Gamma distribution, which is written

2 32 3
m

InP(cjm; ; a;b) = §

Noj NIF

mzzg i é+%(ln N2 )+ alnb In (a):
In

b
a

N

This distribution therefore lies in the exponertial family and can be used within VMP
instead of separateGaussianand Gammadistributions. In general,grouping thesevariables
together will improve the approximation and soincreasethe lower bound. The multiv ariate
form of this distribution, the Normal-Wishart distribution, is handled as described above.

5. The precision matrix of a multiv ariate Gaussian is the inverseof its covariance matrix.
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4.5 Summary of Allo wable Mo dels

In summary, the Variational MessagePassing algorithm can handle probabilistic models
with the following very generalarchitecture: arbitrary directed acyclic subgraphsof multi-
nomial discrete variables (each having Dirichlet priors) together with arbitrary subgraphs
of univariate and multiv ariate linear Gaussiannodes (having Gamma and Wishart priors),
with arbitrary mixture nodes providing connectionsfrom the discrete to the cortinuous
subgraphs. In addition, deterministic nodes can be included to allow parameters of child
distributions to be deterministic functions of parent variables. Finally, any of the continu-
ousdistributions can be singly or doubly truncated to restrict the range of allowable values,
provided that the appropriate momerts under the truncated distribution can be calculated
along with any necessaryparent messages.

This architecture includes as special casesmodels sud as Hidden Markov Models,
Kalman lters, factor analysers, principal componert analysersand independert compo-
nent analysers,as well as mixtures and hierarchical mixtures of these.

5. VIBES: An Implemen tation of Variational Message Passing

The Variational MessagePassing algorithm has beenimplemented in a software package
called VIBES (Variational Inferencein BayEsian networkS), rst described by Bishop et al.
(2002). Inspired by WinBUGS (a graphical userinterface for BUGS by Lunn et al., 2000),
VIBES allows for modelsto be speci ed graphically, simply by constructing the Bayesian
network for the model. This involvesdrawing the graph for the network (using operations
similar to those in a drawing padage) and then assigning properties to ead node such
as its name, the functional form of the conditional distribution, its dimensionality and its
parernts. As an example, Figure 4 shaws the Bayesiannetwork for the univariate Gaussian
model along with a screenshotof the samemodel in VIBES. Modelscan alsobe speci ed in
atext le, which contains XML accordingto a pre-de ned model de nition schema. VIBES
is written in Java and so can be used on Windows, Linux or any operating systemwith a
Java 1.3 virtual madine.

As in WinBUGS, the corvention of making deterministic nodesexplicit in the graphical
represemnation hasbeenadopted, asthis greatly simpli es the speci cation and interpreta-
tion of the model. VIBES also usesthe plate notation of a box surrounding one or more
nodes to denote that those nodes are replicated some number of times, speci ed by the
parameter in the bottom right hand corner of the box.

Once the model is speci ed, data can be attached from a separate data le which
cortains obsened values for some of the nodes, along with sizesfor someor all of the
plates. The model can then be initialised which involves: (i) cheding that the model is
valid by ensuring that conjugacy and dimensionality constraints are satis ed and that all
parametersare speci ed; (i) cheding that the obseneddata is of the correct dimensionality;
(iif) allocating memory for all momerts and messages(iv) initialisation of the individual
distributions Q;.

Following a successfulnitialisation, inferencecan begin immediately. As inferencepro-
ceeds,the current state of the distribution Q; for any node can be inspected using a range
of diagnosticsincluding tables of valuesand Hinton diagrams. If desired, the lower bound
L (Q) canbe monitored (at the expenseof slightly increasedcomputation), in which casethe
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Figure 4: (a) Bayesiannetwork for the univariate Gaussianmodel. (b) Screenshotof VIBES
showing how the samemodel appearsasit is being edited. The node x is selected
and the panel to the left shows that it has a Gaussianconditional distribution
with mean and precision . The plate surrounding x shows that it is duplicated
N times and the heavy border indicates that it is obsened (according to the
currently attached data le).

optimisation can be set to terminate automatically when the changein the bound during

one iteration drops below a small value. Alternativ ely, the optimisation can be stopped
after a xed number of iterations.

The VIBES software can be downloaded from http://vibes.sourceforge.net . This
software was written by one of the authors (John Winn) whilst a Ph.D. student at the
University of Cambridge and is free and open source. Appendix A contains a tutorial for
applying VIBES to an example problem involving a GaussianMixture model. The VIBES
web site also contains an online version of this tutorial.

6. Extensions to Variational Message Passing

In this section, three extensionsto the Variational MessagePassingalgorithm will be de-
scribed. These extensionsare intended to illustrate how the algorithm can be modi ed
to perform alternativ e inference calculations and to showv how the conjugate-exponertial
constraint can be overcomein certain circumstances.
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6.1 Further Variational Appro ximations: The Logistic Sigmoid Function

As it stands, the VMP algorithm requiresthat the model be conjugate-exmnertial. How-
ever, it is possibleto sidestepthe conjugacy requiremert by introducing additional vari-
ational parameters and approximating non-conjugate conditional distributions by valid
conjugate ones. We will now illustrate how this can be achieved using the example of
a conditional distribution over a binary variable x 2 0; 1 of the form

P(xja) = (a1 (a]'*
= ™ ( a
where
_ 1
(@) = 1+ exp( a)

is the logistic sigmoid function.
We take the approac of Jaakkola and Jordan (1996) and use a variational bound for
the logistic sigmoid function de ned as

@>F@ ) € (expla )2+ ()& 2
where () = [1=2 ¢o( )]=2 and is a variational parameter. For any given value of a
we can make this bound exact by setting 2 = a?. The bound is illustrated in Figure 5 in
which the solid curve shaws the logistic sigmoid function (a) and the dashedcurve shawvs
the lower bound F (a; ) for = 2.

We usethis result to de ne anewlowerbound € 6 L by replacingead expectation of the
form Hn[e®* ( a)]i with its lower bound Hn[e®*F ( a; )]i. The e ect of this transformation
is to replacethe logistic sigmoid function with an exponertial, thereforerestoring conjugacy
to the model. Optimisation of eadh parameter is achieved by maximising this new bound
€, leading to the re-estimation equation

It is important to note that, asthe quartity [€ involvesexpectationsof InF( a; ), it is no
longer guaranteed to be exact for any value of .

0.5

—% 0 6

Figure 5: The logistic sigmoid function (a) and variational bound F (a; ).
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It follows from (8) that the factor in Q corresponding to P (x ja) is updated using

X
InQ;f(x) = Hn(e™F( a; )i ot Hn P (Xgjpak)i 0. (x) t const
' X ' k2 chy
= haxi g gt hoxi g, (x) + const
k2 chy

= a’x + const

P
wherea’® = hai + « i and the f g arise from the child terms which must bein the form
(bx + const) due to conjugacy Therefore, the variational posterior Q4 (x) takesthe form

Q(x)= (@)1 (@)t *:

6.1.1 Using the Logistic Appr oximation within VMP

We will now explain how this additional variational approximation can be usedwithin the
VMP framework. The lower bound € contains terms like Hn(e®*F( a; ))i which needto
be evaluated and so we must be able to evaluate [rai a® ]*. The conjugacy constraint
on a is therefore that its distribution must have a natural statistic vector ua(a) = [a a2].
Henceit could, for example, be Gaussian.

For consistencywith generaldiscrete distributions, we write the bound on the log con-
ditional InP(xja) as

nP(xja) > O g (1’; s(a )=+ ()@ H+h ()
. T
= (x (1; 2 ;‘2 =2 ()2%+1In ():

The messagdrom node x to node a is therefore

_ h(x 1)i 1}
My a ()
and all other messagesre asin standard VMP. The update of variational factors canthen
be carried out as normal exceptthat eady parameter must also be re-estimated during
optimisation. This can be carried out, for example, just before sendinga messagdrom x to
a. The only remaining modi cation is to the calculation of the lower bound in (22), where
the term hg; (pa;)i is replacedby the expectation of its bound,

hg(pay)i > (ki )=+ ()(a®  H+In ()

This extensionto VMP enablesdiscrete nodesto have cortin uous parerts, further enlarging
the classof allowable models. In general,the intro duction of additional variational parame-
ters enormouslyextendsthe classof modelsto which VMP can be applied, asthe constraint
that the model distributions must be conjugate no longer applies.

22



Varia tional Message Passing

6.2 Finding a Maxim um A Posteriori Solution

The advantage of using a variational distribution is that it provides a posterior distribution
over latent variables. It is, howewer, also possibleto use VMP to nd a Maximum A
Posteriori (MAP) solution, in which valuesof eadt latent variable are found that maximise
the posterior probability. Consider choosing a variational distribution which is a delta
function

QP (H)= (H HY)

where H? is the MAP solution. From (3), the lower bound is

L(Q)

HnP(H;V)i HnQ(H)i
INP(H?: V)

and so maximising the bound is equivalent to nding the MAP solution. The variational
distribution can be written in factorised form as

Y
QP (H)= Qj(H)):

i
with Qj(Hj) = (H; Hj ?). The KL divergencebetween the apprOX|mat|ng distribution
and the true posterior is m|n|m|sed if KL(Qj j jQJ) is minimised, whereQ is the standard
variational solution given by (6). Normally, Q; is unconstrained so we can simply setit to
Q Howewer, in this case, QJ is a delta function and sowe have to nd the value of H
that minimises KL( (H;  Hj’ )i QJ) Unsurprisingly, this is simply the value of H that
maximises Q7 (H;").

In the messagepassing framework, a MAP solution can be obtained for a particular

latent variable H; directly from the updated natural statistic vector J" using
du;j (Hj) _
T YY) =0
) ) dH; '
For example if Q is Gaussianwith mean then H orif Qj'-’ is Gammawith parameters

abthenH —(a 1)=h

Given that the variational posterior is now a delta function, the expectation of any
function Hf (H;)i under the variational posterlor is just f (H ?). Therefore, in any outgoing
messagesfu;j (Hj)i is replaced by uj (H’ ?). Sinceall surroundlng nodes can processthese
messagess hormal, a MAP solution may be obtained for any chosensubset of variables
(such as particular hyper-parameters), whilst a full posterior distribution is retained for all
other variables.

6.3 Learning Non-conjugate Priors by Sampling

For someexponertial family distribution parameters,there is no standard probability dis-
tribution which can act asa conjugate prior. For example,there is no standard distribution
which can act as a conjugate prior for the shape parameter a of the Gamma distribution.
This implies that we cannot learn a posterior distribution over a Gamma shape param-
eter within the basic VMP framework. As discussedabove, we can sometimesintroduce
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conjugate approximations by adding variational parameters, but this may not always be
possible.

The purposeof the conjugacy constraint is two-fold. First, it meansthat the posterior
distribution of ead variable, conditioned on its neighbours, has the same form as the
prior distribution. Hence,the updated variational distribution factor for that variable has
the same form and inference involves just updating the parameters of that distribution.
Second,conjugacy results in variational distributions being in standard exponertial family
form allowing their momerts to be calculated analytically.

If we ignore the conjugacy constraint, we get non-standard posterior distributions and
we must resort to using sampling or other methods to determine the momerts of these
distributions. The disadvantagesof using sampling include computational expense,inabilit y
to calculate an analytical lower bound and the fact that inferenceis no longer deterministic
for a giveninitialisation and ordering. The useof sampling methods will now be illustrated
by an example shaving how to sample from the posterior over the shape parameter of a
Gamma distribution.

Example 4 Learning a Gamma Shape Par ameter

Let us assumethat there is a latent variable a which is to be useal as the shage parameter
of K gammadistributed variablesfx; :::xx g. We chaosea to have a non-conjugate prior
of an inverse-Gammadistribution:

P(@j : )/ a ‘lexp -

The form of the gammadistribution means that messagesentto the node a are with respect

to a natural statistic vector
a

In ()
which means that the updated factor distribution Q2 has the form

" #
2 X( ! a
InQs(a) = Myl a In ( a) + ( 1)Ina St const

Ug =

This density is not of standard form, but it can be shownthat Q?(In a) is log-concave, so we
can geneate independent samplesfrom the distribution for Ina using Adaptive Rejection
Sampling from Gilks and Wild (1992). These samplesare then transformed to get samples
of a from Q2(a), which is usel to estimate the exgectation hu,(a)i. This expectation is then
sent as the outgoing messageto each of the child nodes.

Each factor distribution is normally updated during every iteration and so, in this case,
a number of independert samplesfrom Q2 would have to be drawn during every iteration.
If this proved too computationally expensiwe, then the distribution needonly be updated
intermitten tly.

It is worth noting that, asin this example,BUGS alsousesAdaptiv e Rejection Sampling
for sampling when the posterior distribution is log-concave but non-conjugate, whilst also
providing techniques for sampling when the posterior is not log-concave. This suggests
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that non-conjugate parts of a general graphical model could be handled within a BUGS-
style framework whilst Variational MessagePassingis usedfor the rest of the model. The
resulting hybrid variational/sampling framework would, to a certain extent, capture the
advantagesof both techniques.

7. Discussion

The Variational MessagePassingalgorithm allows approximate inferenceusing a factorised
variational distribution in any conjugate-exmnertial model, and in a range of non-conjugate
models. As a demonstration of its utilit y, this algorithm hasalready beenusedto solve prob-
lemsin the domain of machine vision and bioinformatics (seeWinn, 2003,Bishop and Winn,

2000). In general,Variational MessagePassingdramatically simpli es the construction and
testing of new variational models and readily allows a range of alternative models to be
tested on a given problem.

The generalform of VMP also allows the inclusion of arbitrary nodesin the graphical
model provided that ead node is able to receive and generateappropriate messagesn the
required form, whether or not the model remains conjugate-exponertial. The extensionsto
VMP concerningthe logistic function and sampling illustrate this exibilit y.

One limitation of the current algorithm is that it usesa variational distribution which
is factorised acrossnodes, giving an approximate posterior which is separablewith respect
to individual (scalar or vector) variables. In general, an improved approximation will be
achievedif a posterior distribution is usedwhich retains somedependencystructure. Whilst
Wiegerinck (2000) has preseried a generalframework for such structured variational infer-
ence,he doesnot provide a general-purposealgorithm for applying this framework. Winn
(2003) and Bishop and Winn (2003) have therefore proposedan extended version of Vari-
ational MessagePassingwhich allows for structured variational distributions. VIBES has
been extendedto implement a limited version of this algorithm that can only be applied
to a constrained set of models. However, a complete implementation and evaluation of this
extended algorithm hasyet to be undertaken.

The VIBES software is free and open sourceand can be downloaded from the VIBES
web site at http://vibes.sourceforge.net . The web site also contains a tutorial that
provides an intro duction to using VIBES.
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App endix A: VIBES Tutorial

In this appendix, we demonstratethe application of VIBES to an exampleproblem involving
a GaussianMixture model. We then demonstrate the exibilit y of VIBES by changing the
model to t the data better, using the lower bound as an estimate of the log evidencefor
eatd model. An online version of this tutorial is available at http://vibes.sourceforge.
net/tutorial

The data used in this tutorial is two-dimensional and consists of nine clusters in a
three-by-three grid, asillustrated in Figure 6.

Figure 6: The two-dimensionaldata set usedin the tutorial, which consistsof nine clusters
in a three-by-three grid.

Loading Matlab Data Into VIBES

The rst stepis to load the data setinto VIBES. This is achieved by creating a node with
the name x which correspondsto a matrix x in a Matlab .mat le. As the data matrix is
two dimensional, the node is placedinside two plates N and d and the data lename (in this
caseMixGaussianData2D.mat) is entered. SelectingFile ! Load data loadsthe data into
the node and also setsthe size of the N and d plates to 500 and 2 respectively. The node
is marked as obsened (shown with a bold edge)and the obsened data can be inspected by
double-clicking the node with the mouse. At this point, the display is asshawvn in Figure 7.

Creating and Learning a Gaussian Model

The node x has beenmarked as Gaussianby default and sothe model is invalid as neither
the meannor the precision of the Gaussianhave beenset (attempting to initialise the model
by pressingthe Init.  button will give an error messageo this e ect). We can specify latent
variables for these parametersby creating a node for the mean parameter and a node
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£ vIBES [=1[E3
File Help

Model network I ﬁ < [ | inference B1init W Stat M oo ‘

Data filename _
I|MixGaussianData2D.mad |

IRandnm seed :
£ |
[Results filename :

|

P,

DataOnhy.xml

Figure 7: A VIBES model with a single obsened node x which has attached data.

for the precision parameter. These nodes are created within the d plate to give a model
which is separableover eat data dimension. Theseare then setasthe Meanand Precision

properties of x, as shown in Figure 8.

2 VIBES =13

File Help

= @ @ [ | inference I rt M Stat M Foco ‘

- |
-Distribution :
Type :
|_Gat'lssian node - |

-Pa'relii.e'dges_
Mean :
i =l
Precision
v I=li|:

[Plates i
firs I

Gaussian2D.xml

Figure 8: A two-dimensionalGaussianmodel, shawing that the variables and are being
usedasthe meanand precision parametersof the conditional distribution over x.

The model is still invalid as the parametersof and are unspecied. In this case,
rather than create further latent variables, these parameters will be setto xed values
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to give appropriate priors (for example setting to have mean = 0 and precision = 0:3
and to havea = 10 and b = 1). The network now corresponds to a two-dimensional
Gaussianmodel and variational inference can be performed automatically by pressingthe
Start button (which also performs initialisation). For this data set, inference corverges
after four iterations and givesa bound of 1984nats. At this point, the expected valuesof
ead latent variable under the fully-factorised Q distribution can be displayed or graphed
by double-cliking on the corresponding node.

Extending the Gaussian model to a Gaussian mixture model

Our aim is to create a Gaussianmixture model and sowe must extend our simple Gaussian
model to be a mixture with K Gaussiancomponerts. As there will now be K sets of the
latent variables and , theseare placedin a new plate, called K, whosesizeis set to 20.
We modify the conditional distribution for the x node to be a mixture of dimensionK , with
ead component being Gaussian. The display is then as shawvn in Figure 9.

File Help

| »

-Distribution-

Type
| Mixture node v |

NI @ & [ | inference WHirit ® Stat M - ‘

Array dimension
C .

rComponent -

Type
| Gaussian node -
L

Parent edges
Index

| =
Mean
b =

Precision
v =]

q]

| MixtureOfGaussians2D.xmi |
L

Figure 9: An incomplete model which shavsthat x is now a mixture of K Gaussians.There
arenow K setsof parametersandso and have beenplacedin a plate K. The
model is incomplete asthe Index parent of x has not beenspeci ed.

The model is currently incomplete asmaking x a mixture requiresa new discrete Index
parent to indicate which componert distribution ead data point wasdrawn from. We must
therefore create a new node , sitting in the N plate, to represern this new discrete latent
variable. We also createa node with a Dirichlet distribution which provides a prior over

. The completed mixture model is shavn in Figure 10.
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Figure 10: The completed Gaussianmixture model showing the discrete indicator node

Inference using the Gaussian mixture model

With the model complete, inference can once again proceedautomatically by pressingthe
Start button. A Hinton diagram of the expected value of can be displayed by double-
clicking on the node, giving the result shavn in Figure 11. As can be seen,nine of the
twenty componerts have beenretained.

Figure 11: A Hinton diagram shawing the expectedvalue of for ead mixture componert.
The learned mixture consistsof only nine componerts.

The meansof the retained componerts can be inspected by double-cliking on the
node, giving the Hinton diagram of Figure 12. These learned means correspond to the
certres of ead of the data clusters.

Figure 12: A Hinton diagram whose columns give the expected two-dimensional value of
the mean for ead mixture componert. The meanof ead of the eleven unused
componerts is just the expected value under the prior which is (0;0). Column
4 correspondsto a retained componert whosemean is roughly (0O; 0).
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A graph of the ewolution of the bound can be displayed by clicking on the bound value
and is shawvn in Figure 13. The converged lower bound of this new model is 1019 nats,
which is signi cantly higher than that of the single Gaussianmodel, showing that there is
much greater evidencefor this model. This is unsurprising sincea mixture of 20 Gaussians
hassigni cantly more parametersthan a single Gaussianand hencecan give a much closer t
to the data. Note, howewer, that the model automatically choosesonly to exploit 9 of these
componerts, with the remainder being suppressed(by virtue of their mixing coe cien ts
going to zero). This provides an elegan example of automatic model complexity selection
within a Bayesiansetting.

& Lower bound E@
o

EBound

-2000 /
-2500 /

-3000

00 25 50 75 100 125 150 175 200 225 250 274 300
[teration

Figure 13: A graph of the ewlution of the lower bound during inference.

Modifying the mixture model

The rapidity with which models can be constructed using VIBES allows new models to
be quickly deweloped and compared. For example, we can take our existing mixture of
Gaussiansmodel and modify it to try and nd a more probable model.

First, we may hypothesisethat ead of the clusters has similar size and so they may
be modelled by a mixture of Gaussian componerts having a common variance in ead
dimension. Graphically, this corresponds to shrinking the K plate so that it no longer
cortains the node, as showvn in Figure 14a. The corverged lower bound for this new
model is 937 nats showing that this modi ed model is better at explaining this data set
than the standard mixture of Gaussiansmodel. Note that the increasein model probability
doesnot arise from an improved t to the data, sincethis model and the previous one both
contain 20 Gaussian componerts and in both cases9 of these componerts cortribute to
the data t. Rather, the constrained model having a single variance parameter can achieve
almost asgood a data t asthe unconstrained model yet with far fewer parameters. Since
a Bayesian approac automatically penalisescomplexity, the simpler (constrained) model
has the higher probability asindicated by the higher value for the variational lower bound.

We may further hypothesisethat the data set is separablewith respect to its two di-
mensions(i.e. the two dimensionsare independert). Graphically this consistsof moving all
nodesinside the d plate (so we e ectiv ely have two copiesof a one-dimensionalmixture of
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Figure 14: (a) Mixture of Gaussiansmodel with shared precision parameter (the node
is no longer inside the K plate). (b) Model with independert data dimensions,
ead a univariate Gaussianmixture with common variance.

Gaussiansmodel with commonvariance). A VIBES screenshotof this further modi cation
is shown in Figure 14b. Performing variational inference on this separable model leads
to eat one-dimensionalmixture having three retained mixture componers and gives an
improved bound of -876 nats.

We will considerone nal model. In this model both the andthe nodesarecommon
to both data dimensions,as shown in Figure 15. This change corresponds to the assump-
tion that the mixture coe cien ts are the samefor ead of the two mixtures and that the
componert variances are the samefor all componerts in both mixtures. Inference leads
to a nal improved bound of 856 nats. Whilst this tutorial has beenon a toy data set,
the principles of model construction, modi cation and comparison can be applied just as
readily to real data sets.

BEE

File Help

<|—
’E ¥ o [4 ‘ Inference ®! | & - M Reset Bound=-856.4737

MixtureOfGaussians2D.xml

Figure 15: Further modi ed mixture model wherethe and nodesare now commonto
all data dimensions.
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